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(Quantifier Elimination: QE)
$\exists,$ $\forall$ (first-order forrriula) (
$\wedge,$ $\vee$ )








$Q_{q+1}x_{q+1}\cdots Q_{r}x_{r}(\psi(x_{1}, \ldots, x_{r}))$
$Q_{i}\in\{\exists, \forall\}$ $\psi$
2.1
1930 A. Tarski [21] (real closed field) QE
1975 George E. Collins Cylin-






(1 2 ) Virtual Substi-
tution (VS) [17] (sign definite













Elementary Algebra and Geometry
Elementary Algebra and Geometry
by
Partial Cylindrical Algebraic Decomposition




With contributions by: Christopher W. Broua, George E.
Collins, Mark J. Encarnacion, Jeremy R. Johnson
Werner Krandick, Richard Liska, Scott McCallum,
Nicolas Robidoux, and Stanly Steinberg
Enter an informal description between ‘ [‘ and ‘] ‘:
[example 1]
Enter a variable list:
$(b,c,x)$
Enter the number of free variables:
2




An equivalent quantifier-free formula:
4 $c$ -b 2 $=$ $0$
– The End $==-$
REDLOG 3) [10]; REDUCE4) $QE$ VS (rlqe) CAD
(rlcad) QE (rlsimpl) VS
1 REDLOG rlqe VS
rlcad
2 $)$ http: $//www$ . cs. usna.edu/-qepcad/
3 $)$ http: //redlog.dolzmann.de/
4 $)$ http: $//reduce$-algebra.sourceforge.net/
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1: REDLOG
Mathematica: Mathematica CAD, VS QE (Reduce,
Resolve) QE InequalitySolvingOptions
VS QE
(RegionPlot, RegionPlot3d) ( 2 ). Mathematica
CAD [20]
2: Mathematica
SyNRAC: Maple QE SyNRAC [14, 22]
SyNRAC CAD, VS, SDC





minimize $(f_{1}(x.\theta), \ldots, f_{m}(x, \theta))$ (1)
subject to $\varphi(x.\theta)$
$x=(x_{1}, \ldots.x_{n})$ $\theta=(\theta_{1}, \ldots, \theta_{s})$ $\varphi(x)$
QE $y_{1},$ $\ldots,$ $y_{m}$
$\exists x(y\equiv f(x, \theta)\wedge\varphi(x, \theta))$ (2)
$y\equiv f(x, \theta)$ $|$





$\psi_{Feasible}(\theta, y)\wedge\neg\exists z(\psi_{Feasible}(\theta, z)\wedge z\leq y)$ (3)
$\neg$ $z\leq y$ $i=1,$ $\ldots,$ $m$ $z_{i}\leq y_{i}$
$i$ $z_{i}<y_{i}$ $\neg$
5 $)$ http: $//jp$ . fujitsu.com/group/labs/techinfo/freeware/synrac/
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(3) QEPCAD QE
$\forall z(\psi_{Fe\alpha sible}(\theta, y)\wedge(\psi_{Feasible}(\theta, z)arrow\neg(z\leq y)))$
$=$ $\forall z(\psi_{Feasible}(\theta, y)\wedge(\neg\psi_{Feasible}(\theta, z)\neg(z\leq y)))$
$z$ $\psi_{Pareto}(\theta, y)$
$f$




QE 2 $\triangleright$- $\psi_{Feasible}$






subjectto $x_{1}\geq 0\wedge x_{2}\geq 0\wedge x_{1}^{2}+x_{2}^{2}\leq 1$
$\exists x_{1}\exists x_{2}(y=-x_{1}-x_{2}\Lambda x_{1}\geq 0\wedge x_{2}\geq 0\wedge x_{1}^{2}+x_{2}^{2}\leq 1)$
$QE$ $x_{1},$ $x_{2}$
$y^{2}\leq 2\Lambda y\leq 0$




$\exists y(y=-x_{1}-x_{2}\wedge x_{1}\geq 0\wedge x_{2}\geq 0\wedge x_{1}^{2}+x_{2}^{2}\leq 1\wedge y^{2}=2\wedge y\leq 0)$
$x_{1}^{2}+x_{2}^{2}\leq 1\wedge x_{1}\geq 0\wedge x_{1}^{2}+2x_{1}x_{2}+x_{2}^{2}\geq 2$
$x_{1}$
$\exists x_{2}(x_{1}^{2}+x_{2}^{2}\leq 1\wedge x_{1}\geq 0\wedge x_{1}^{2}+2x_{1}x_{2}+x_{2}^{2}\geq 2)$
$QE$
$2x_{1}^{2}=1\wedge x_{1}\geq 0$
$x_{1}$ $=$ 1/V $x_{2}$
2
minimize $-x_{1}-\theta$
subject to $x_{1}\geq 0\wedge\theta\geq 0\wedge x_{1}^{2}+\theta^{2}\leq 1$
$\exists x_{1}(y=-x_{1}-\theta\wedge x_{1}\geq 0\wedge\theta\geq 0\wedge x_{1}^{2}+\theta^{2}\leq 1)$
$QE$ $x_{1}$
$\psi_{Feasible}(\theta.y)\equiv y^{2}+2\theta y+2\theta^{2}\leq 1\wedge y\leq\theta\wedge 0\leq\theta\leq 1$
4 $\psi_{Feasible}$




$\psi_{Feasible}(\theta, y)\wedge\neg\exists z(\psi_{Feasible}(\theta, z)\wedge z<y)$
$=$ $\forall z(\psi_{Feasible}(\theta, y) A (\psi_{Feasible}(\theta, z)arrow(z\geq y)))$
$=$ $\forall z(y^{2}+2\theta y+2\theta^{2}\leq 1\wedge y\leq\theta\wedge 0\leq\theta\leq 1\wedge((z^{2}+2\theta z+2\theta^{2}\leq 1\wedge z\leq\theta)arrow(z\geq y)))$
$z$
$\psi_{Pareto}(\theta, y)\equiv(y^{2}+2\theta y+2\theta^{2}=1\wedge y\leq\theta\wedge 0\leq\theta\leq 1)$





subjectto $-5\leq x_{1}\leq 5\wedge-5\leq x_{2}\leq 5$
$\exists x_{1}\exists x_{2}(y_{1}=x_{1}^{2}+x_{2}^{2}\wedge y_{2}=5+x_{2}^{2}-x_{1}\wedge-5\leq x_{1}\leq 5\wedge-5\leq x_{2}\leq 5)$
$x_{1},x_{2}$ $\psi_{Feasible}(y_{1}, y_{2})$
$-y_{2}+y_{1}-25\leq 0\Lambda 4y_{2}-4y_{1}-21\leq 0\wedge 0\leq y_{1}\leq 50\wedge($
$(-y_{2}+5\leq 0\wedge-4y_{1}+1\leq 0\wedge 4y_{1}-101\leq 0)\vee$
$(y_{2}^{2}-10y_{2}-y_{1}+25\leq 0)\vee$
$(-y_{2}^{2}+60y_{2}+y_{1}-925\leq 0\wedge/?2- 30\leq 0\wedge-4y_{1}+101\leq 0)\vee$
$(-y_{2}+y_{1}-15\leq 0\wedge y_{2}^{2}-60y_{2}-y_{1}+925\leq 0))$
5 $\psi_{Feasible}$
$\psi_{Feasible}$
$\forall z_{1}\forall z_{2}(\psi_{Feasible}(y_{1}, y_{2})\wedge(\neg\psi_{Feasible}(z_{1}, z_{2})\vee(z_{1}>y_{1}\vee z_{2}>y_{2}\vee(z_{1}\geq y_{1}\wedge z_{2}\geq y_{2}))))$
$QE$ $z_{1},$ $z_{2}$
$y_{2}^{2}-10y_{2}-y_{1}+25=0\wedge 0\leq y_{1}\leq 25\wedge y_{2}\leq 5$
$\exists y_{1}\exists y_{2}((y_{1}=x_{1}^{2}+x_{2}^{2}\wedge y_{2}=5+x_{2}^{2}-x_{1})\wedge(-5\leq x_{1}\leq 5\wedge-5\leq x_{2}\leq 5)\wedge$
$(y_{2}^{2}-10y_{2}-y_{1}+25=0\wedge 0\leq y_{1}\leq 25\wedge y_{2}\leq 5))$
$y_{1},$ $y_{2}$ $QE$

















minimize $\max(f_{1}(x), \ldots, f_{m}(x))$
subject to $\varphi(x)$
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